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Abstract

In this article we develop a theory of contact systems with nonholonomic
constraints. We obtain the dynamics from Herglotz’s variational principle,
by restricting the variations so that they satisfy the nonholonomic
constraints. We prove that the nonholonomic dynamics can be obtained
as a projection of the unconstrained Hamiltonian vector field. Finally,
we construct the nonholonomic bracket, which is an almost Jacobi
bracket on the space of observables and provides the nonholonomic
dynamics.

1 Introduction

Nonholonomic dynamics refers to those mechanical systems that are subject
to constraints on the velocities (these constraints could be linear or non-linear).

In the Lagrangian picture, a nonholonomic mechanical system is given
by a Lagrangian function L : T'() — R defined on the tangent bundle T'Q)
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of the configuration manifold @), with nonholonomic constraints provided by
a submanifold D of T'Q). We assume that 7o(D) = @, where 7 : TQ — @
is the canonical projection to guarantee that we are in presence of purely
kinematic constraints. D could be a linear submanifold (in this case, D can
be alternatively described by a regular distribution A on (), or nonlinear.

Even if nonholonomic mechanics is an old subject [§], it was in the middle
of the nineties that received a decisive boost due to the geometric description
by several independent teams: Bloch et al. |3|, de Leon et al. [9-12, (14, 22]
and Bates and Sniatycki [2], based on the seminal paper by J. Koiller in
1992 [24]. Another relevant but not so well known work is due to Vershik
and Faddeev [31].

Nowadays, nonholonomic mechanics is a very active area of the so-called
Geometric Mechanics.

The geometric description of nonholonomic mechanics uses the symplectic
machinery. The idea behind is that there exists an unconstrained system as
a background and one can recover the nonholonomic dynamics by projecting,
for instance, the unconstrained one. Due to their symplectic backstage, the
dynamics is conservative (for linear and ideal constraints).

However, there are other kind of nonholonomic systems that do not fit on
the above description. On can imagine, for instance, a nonholonomic system
subject additionally to Rayleigh dissipation [6 27, 28]. Another source of
examples comes from thermodynamics, treated in [15-17] with a variational
approach.

Nevertheless, there is a natural geometric description for these systems
based on contact geometry.

Contact geometry is, to some extent, an odd-dimensional version of symplectic
geometry. In the Lagrangian view, we have a function L : TQ) x R — R,
L = L(¢',q", z), where z is a variable indicating friction (or a thermal variable
in thermodynamics) and the equations of motion are obtained using the
contact 1-form

n, =dz — oy, (1)
where ay, is the Liouville 1-form on T'Q) obtained from the regular Lagrangian
L and the geometry of T'(). The energy of the system is

EL=A(L) - L, (2)

where A is the Liouville vector field and the dynamics is obtained through
the equation

b (I'r) =dEL — (Re(EL) + Er)ne, (3)
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where R is the Reeb vector field for the contact form 7, and

br(X) = tx(dnr) +n(X)nL (4)

for any vector field X on T'Q) x R. Then, I';, is a SODE on T'Q) x R, and its
solutions (the projection on @ of its integral curves) coincide with the ones
of the following equations

OL _dOL  OLOL _ 5
d¢t  dtdq  0¢i 0z

Amazingly, Eq. are the equations obtained by Gustav Herglotz in
1930 |21|, using a new variational principle. For this reason, we will refer
from now on to Eq. as Herglotz equations.

So, our goal in the current paper is just to develop a contact version of
Lagrangian systems with nonholonomic constraints.

The structure of this paper is as follows. Section [2]is devoted to describe
some introductory material on contact and Jacobi structures; in particular,
it is crucial to notice that a contact structure is a particular case of a Jacobi
manifold. In Section |3| we discuss the notion of contact Hamiltonian systems
and describe the Lagrangian formalism in that context.

Sections[]and[f|are devoted to analyze the Herglotz principle for nonholonomic
systems (a sort of d’Alembert principle in comparison with the well-known
Hamilton principle). The reason to develop this subject is to justify the
nonholonomic equations proposed in Section [5]

Then, in Section[6] we construct an analog to the symplectic nonholonomic
bracket in the contact context. A relevant issue is that this bracket is an
almost Jacobi bracket (that is, it does not satisfy the Jacobi identity). This
contact nonholonomic bracket transforms the constraints in Casimirs and
provides the evolution of observables, as in the unconstrained contact case.
In Section [7] we introduce the notion of almost Jacobi structure proving
that the nonholonomic bracket induces, in fact, an almost Jacobi structure.
Then, we prove that this structure is a Jacobi structure if, and only if, the
constraints are holonomic.

Finally, we apply our results to a particular example, the Chaplygin’s
sledge subject to Rayleigh dissipation.



2 Contact manifolds and Jacobi structures

In this section we will introduce the notion of contact structures and Jacobi
manifolds. For a detailed study of these structures see 25} |30].

Definition 1. A contact manifold is a pair (M,n), where M is an (2n +
1)-dimensional manifold and 7 is a 1-form on M such that n A (dn)" is a
volume form. 7 will be called a contact form.

Remark 1. Some authors define a contact structure as a smooth distribution
D on M such that it is locally generated by contact forms 7 via the kernels
kern. This definition is not equivalent to ours, and is less convenient for our
purposes, as explained in [7]. O

As we know, if (M, n) is a contact manifold, there exists a unique vector

field R, called Reeb vector field, such that
trdn =0, 1grn=1. (6)
Let us now present the canonical example of contact manifold

Example 1. Let (z°,97,2) be the canonical (global) coordinates of R?" .
Then, we may define the following 1—form 1 on R*"*!:,

n=dz —y'da’. (7)
Hence, A .
dn =dz' A dy". (8)
So, the family of vector field {X;,Y;}; such that
0 -0 0
Xi = 5= ', Y= — 9
ox? Ty 0z oy’ )

generates the kernel of . Furthermore,
dn (X3, X;) = dn(Y;,Y;) = 0, dn(X;,Y)) = 4.

Then, (R***1 n) is a contact manifold. Notice that, in this case, the Reeb

vector field is aﬁ'
z

We may even prove that any contact form locally looks like the contact
form defined in example [I]



Theorem 1 (Darboux theorem). Suppose n is a contact form on a 2n +
1-dimensional manifold M. For each x € M there are smooth coordinates
(¢%, pi, z) centered at x such that

n=dz —pidg'. (10)
This coordinates will be called Darboux coordinates.

Furthermore, in Darboux coordinates the Reeb vector field is expressed
by:

)
R= (11)

The contact structure provides a vector bundle isomorphism:

b TM — T*M,

12
v = pdn 4+ n(v)n. (12)

We denote also by b : X(M) — Q'(M) the associated isomorphism of
C>°(M)-modules. The inverse of b will be denoted by f. Notice that b(R) = 7.
The isomorphism b may be defined by contracting a 2—tensor given by

w=dn+n®n. (13)

So, b(X) = w(X, ) for all X € X(M).
The form 7 and the Reeb vector field R provide the following Whitney sum
decomposition of the tangent bundle:

TM = kern @ kerdn. (14)

Notice that, by counting dimensions, it is easy to realize that kerdn is
generated by the Reeb vector field R.

We can classify subspaces of the tangent space regarding its relative position
to the aforementioned Whitney sum decomposition ((14)).

Definition 2. Let A, C T,,M be a subspace, where x € M. We say that A,
is

1. Horizontal if A, C kern,.

2. Vertical if R, € A,.



3. Oblique otherwise. By a dimensional counting argument, this is equivalent
to A, = (A, Nkern,) & (R, + vy), with v, € kern, \ A,.

We say that a distribution A is horizontal /vertical / oblique if A, is horizontal /vertical / oblique,
for every point x, respectively.

For a distribution A C T'M, we define the following notion of complement
with respect to w. Since w is neither symmetric nor antisymmetric, left and
right complements differ:

At ={v e TM |w(w,v) =b(w)(v) =0, Yw € A} = (5(A))°,

L . (15)
A={veTM|ww)=0YweA}=b""(A.
These complements have the following relationship
(A = (AT = A (16)

Furthermore, we may interchange sums and intersections, since the annihilator
interchanges them and the linear map b preserves them. Consequently, if A, T’
are distributions, we have

(ANT)" = A+ 4+ (17a)
(A+T)" = At NI, (17b)

and analogously for the left complement.
However, on some important cases, both right and left complements
coincide.

Lemma 2. Let A be a distribution on M.
o [f A is horizontal, then
At = A ={veTM|dy(v,w) =0, Vv € A}. (18)
Hence, A is vertical.
o [f A is vertical, then
At =+A = {v € kern | dy(v,w) =0, Vv € (A Nkern)}. (19)

Hence, A+ is horizontal.



Proof. Assume that A is horizontal. Then for all w € A,
w(v,w) = dn(UﬂU) = _dn(wu U) = —w(w, U)u <2O>

since n(w) = 0. So, Eq. follows.

Now, assume A is vertical. By using the Whitney sum decomposition ,
we can write A = A’ @ (R), where A’ = A Nkern. Notice that (R)™ =
H(R) = kern. By using (17, we deduce

At = (A + (R = A" N (R
= (A + (R)) = TA' NH(R)
={veTM |dn(v,w) =0, Vv € A"} Nkern,

as we wanted to show. We have used the first item of the lemma, since A’ is
horizontal. N

Contact manifolds can be seen as particular cases of the so-called Jacobi
manifolds |23} 26].

Definition 3. A Jacobi manifold is a triple (M, A, E), where A is a bivector
field (that is, a skew-symmetric contravariant 2-tensor field) and £ € X(M)
is a vector field, so that the following identities are satisfied:

[A,A] =2EANA (21)
LgA=[E,A] =0, (22)
where [-, -] is the Schouten—Nijenhuis bracket.

The Jacobi structure (M, A, E) of contact manifold (M,n) is given by
AMa, B) = =dn(b~'(a),b7'(8)), E=-R. (23a)

The Jacobi bivector A induces a vector bundle morphism between covectors

and vectors.
fir :TM*—TM

a— Aa, ). (24)

In the case of contact manifolds, the map #, can be written directly in
terms of the contact structure |7, Section 3] as:

fa(a) =b"(a) — a(R)R. (25)

The Jacobi structure can be characterized in terms of a Lie bracket on
the space of functions C*°(M), the so-called Jacobi bracket.
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Definition 4. A Jacobi bracket {-,-} : C*(M) x C*(M) — C>*(M) on a
manifold M is a map that satisfies

1. (C>®(M),{-,-})isaLiealgebra. That is, {-, -} is R-bilinear, antisymmetric
and satisfies the Jacobi identity:

{f g h}}+{g.{h, f}} +{h{f.g}} =0 (26)
for arbitrary f,g,h € C>(M).

2. Tt satisfies the following locality condition: for any f,g € C*(M),

supp({f, g}) C supp(f) Nsupp(g), (27)

where supp(f) is the topological support of f, i.e., the closure of the
set in which f is non-zero.

This means that (C*°(M),{-,-}) is a local Lie algebra in the sense of
Kirillov [23].

Given a Jacobi manifold (M, A, E) we can define a Jacobi bracket by
setting

{f, 9y = A(df,dg) + fE(g) — gE(f). (28)

In fact, every Jacobi bracket arises in this way.

Theorem 3. Given a manifold M and a R-bilinear map {-,-} : C>°(M) x
C>®(M) — C>*(M), the following are equivalent.

1. The map {-,-} is a Jacobi bracket.

2. (M, {-,-}) is a Lie algebra which satisfies the generalized Leibniz rule

{f,gh}y = g{f . h} + h{f, g} + ghE(h), (29)
where E is a vector field on M.

3. There is a bivector field A and a vector field E such that (M, A\, E) is
a Jacobi manifold and {-,-} is given as in Eq. (28).

For a proof, see [§].



3 Contact Hamiltonian systems

Given a Hamiltonian function H on the contact manifold (M,n) we define
the Hamiltonian vector field Xy by the equation

0(Xy)=dH — (R(H)+ H)n. (30)
We call the triple (M, n, H) a contact Hamiltonian system.

Proposition 4. Let H be a Hamiltonian function. The following statements
are equivalent:

1. Xy 1s the Hamiltonian vector field of H.

2. It satisfies that

§(Xi) = —H, (312)
LXHdm kern — dH\ kern«s (31b>

3. It satisfies that
n(Xy)=—H, (32a)
Lx,n = an, (32b)

for some function a. Notice that this implies that a = —R(H)

4. Let (A, —R) be the Jacobi structure induced by the contact form n (see

Eq. (234))). Then,
Xi = ta(dH) — HR. (33)

By Cartan’s formula, the following identity is also satisfied,
txydn =dH — R(H)n. (34a)

Contrary to the symplectic case, the energy and the phase space volume
are not conserved (see [7]).

Proposition 5 (Energy and volume dissipation). Given a Hamiltonian system
(M,n, H), the energy is not preserved along the flow of Xy. Indeed,

Lx,H=—-R(H)H. (35)
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The contact form is also not preserved:
Lxyn = —R(H)1. (36)

However, if H does not vanish, the modified contact form

U

n= I (37)

15 preserved. That 1is,
Lx, i =0. (38)

Moreover, — Xy is the Reeb vector field of 1.
The contact volume element Q@ = n A (dn)™ is not preserved. In fact,

Lx,Q=—(n+1)R(H). (39)

However, if H does not vanish, the following modified volume element is
preserved:

Q=H 00 =7 A (di)", (40)
that is,

Lx,Q=0. (41)

An important case of contact manifold is the manifold T'() x R where )
is an n—dimensional manifold. If L : TQ) x R — R is reqular Lagrangian
function, that is, its Hessian matrix with respect to the velocities

0*L
W= (64@64]‘) )

is regular, then (TQ x R,n.) is a contact manifold. Here (¢, ¢', 2) are the
natural coordinates on T'Q x R induced by coordinates (¢*) on ). The contact
form 7z given by

Ny =dz —ay, (43)
where
oL .
= S5*(dL) = —d¢* 44
o1 = §'(dL) = 5dg" (14)

and S is the canonical vertical endomorphism on T'Q) extended in the natural
way to T'Q) x R (see |13] for an intrinsic definition). The form 7y, is called the

contact Lagrangian form. Locally, we have that n, = dz — gqﬁ dg" and, hence
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2L . 2L . %L
dny = ———dg' A dg" + dg* A dgF +

0 .
: ! ) 4
D4 OG> dg' Ndz (45)

0qtoqk 0¢' 0z
The energy of the system is defined by
0L
Er=A(L)-L=q¢— —1L 46
L= AL -L=q5 L (16)
where A = ¢*-2; is the Liouville vector field on TQ extended to TQ x R in

Aat
the natural Wagf .
Hence, (TQ x R,nz, EL) is a contact Hamiltonian system.
The Reeb vector field will be denoted by R, and it is given in bundle
coordinates by
2
= 2 — Wy 8‘L i
0z 0G0z 0¢7’
where (W) is the inverse of the Hessian matrix with respect to the velocities (42)).
The Hamiltonian vector field of the energy will be denoted by I';, = Xp, ,
hence

Re

(47)

bL(FL) = dEL — (EL + R(EL))UL, (48)

where by, (v) = t,dng +nr(v)ng is the isomorphism defined in Eq. for this
particular contact structure.

Definition 5. Let us consider a regular Lagrangian L : T'() x R — R. Then,
a vector field X on T'Q) x R is called a SODFE if it satisfies that

S(X)=A (49)

Let (¢%) be a local system of coordinates on (). Then, a vector field on
TQ x R is (locally) expressed as follows

0
oq’

0 0

X (¢

So, Eq. reduces to

+ X (¢")

X (¢") =4, Vi.
So, it may be easily checked that the vector field 'y, is a SODE (Theorem .
Proposition 6. Let X be a vector field on TQ xR. X is a SODE if, and only

if, any integral curve of X is written (locally) as (f,f, s) for some (local)

path & on Q.
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4 The Herglotz variational principle

The Herglotz principle was introduced by G. Herglotz [21], and has been
rediscovered by B. Georgieva et al. |18 19]. More recently, A. Bravetti et
al. [5] has connected this principle with contact Hamiltonian dynamics (see
also [8] for a more recent approach). Let us now present this principle to
end up deriving the Herglotz equations. Consider a Lagrangian function
L:TQ xR — R and fix two points ¢;,¢, € @ and an interval [a,b] C R.
We denote by Q(q1, q1, [a,b]) C (C*([a,b] — @) the space of smooth curves £
such that £(a) = ¢; and &(b) = ¢o. This space has the structure of an infinite
dimensional smooth manifold whose tangent space at ¢ is given by the set of
vector fields over £ that vanish at the endpoints |1, Proposition 3.8.2], that
is,
Tef:q1, g2, [a, b]) = {ve € C*([a,b] = TQ) |

TQove = ¢, ve(a) =0, ve(b) = 0}.
The elements of T¢€2(q1, g2, [a, b]) will be called infinitesimal variations of the
curve £. We will consider the following maps. Let

(50)

2 :¢%([a,b] = Q) = C=(|a,b] — R) (51)

be the operator that assigns to each curve £ the curve Z(&) that solves the
following ordinary differential equation (ODE):

dZ(¢)(t)
dt

Now we define the action functional as the map which assigns to each
curve the solution to the previous ODE evaluated at the endpoint, namely,

A Q(qr, g0, [a,b]) — R,
£ Z(8)(b).

We will say that a path & € Q(q1, ¢, Q) satisfies the Herglotz variational
principle if it is a critical point of A, i.e.,

TeA=0 (54)

= L(£(8),£(), Z()(®),  Z(¢)(a) =0. (52)

(53)

As we have shown in |8, Thm. 2|, the functional derivative of A is given by

IR OL doL OLOL
TeA(v) = m/a v (t)o(t) (aqi Ty + 3q'i$> dt,

12
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where 5 € Q(Qh qi, [CL, b])) v E TEQ(qlv q1, [CL, b]) and

o (1) = exp (— / t g—i’df) | (56)

The critical points of this functional are those curves ¢ along which the
following equations are satisfied:

0L d 9L OLOL _
d¢  dtdg 9§ 9z

0. (57)

These equations are called Herglotz equations.

As it is proved in [8, Section 3|, for a regular Lagrangian L, Herglotz
equations are equivalent to those obtained in a geometric way using the
contact structure 7, induced by the Lagrangian.

Theorem 7. Assume that L is reqular. Let I'y, be the Hamiltonian vector
field on TQ x R associated to the energy (see Eq. ({48)), i.e.,

bL(FL) = dEL - (R(EL) + EL)T]L.
Then,
1. T'p is a SODE on T(Q x R.

2. The integral curves of I'y, are solutions of the Herglotz equations (57)).

Proof. 1f we write Eq. in local coordinates we have that

.0 .0 0
F = .Z—. § - L—
L=4q oq +b 90 + 9 (58)

and the local functions b® satisfy

L ., 9L 0°L 9L OLOL

ocod L ogoq Vo050  0g  0q 0=

(59)

The result follows from this expression.
]

Sometimes, these equations are called generalized Fuler-Lagrange equations.
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5 Herglotz principle with constraints

Consider now that the system is restricted to certain (linear) constraints
on the velocities modelized by a regular distribution A on the configuration
manifold @ of codimension k. Then, A may be locally described in terms of
independent linear constraint functions {®*},—; in the following way

A={veTqQ|®*(v)=0}. (60)

Notice that, due to the linearity, the constraint functions ®* may be considered
as 1-forms ®* : Q — T*Q on ). Without danger of confusion, we will also
denote by ®* to the 1-form version of the constraint ®* This means that

P = ¢ (q)d".

Let L : TQQ x R — R be the Lagrangian function. One may then define
the Herglotz variational principle with constraints, that is, we want to find
the paths £ € Q(q1, ¢1, [a, b]) satisfying the constraints such that Tz A(v) =0
for all infinitesimal variation v which is tangent to the constraints A. More
precisely, we define the set

Qq1, 1, [a, b])gA = {v € T:Qq1, q1, [a, b]) | v(t) € A for all t € [a,b]}.
(61)
Then, ¢ satisfies the Herglotz variational principle with constraints if, and
only if,

g fad)d =
2. £(t) € Agqyy for all t € [a, b].

Definition 6. A constraint Lagrangian system is given by a pair (L, A) where
L:T@ xR — R is a regular Lagrangian and A is a regular distribution on
(). The constraints are said to be semiholonomic if A is involutive and
non-holonomic otherwise.

Using Eq. one may easily prove the following characterization of the
Herglotz variational principle with constraints.

Theorem 8. A path & € Qq1,q1,[a,b]) satisfies the Herglotz variational
principle with constraints if, and only if,

oL d oL oL 0L o
of ~aior T o o: € Bew (62)
Ee A
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where A° = {a € T*Q | a(u) =0 for all uw € A} is the annihilator of A.

Taking into account Eq. (60), we have that A° is (locally) generated by
the one-forms ®*. Then ¢ satisfies the Herglotz variational principle with
constraints if, and only if, it satisfies the following equations

{daL — QL _ OLOL _ ) o

anf 8¢t~ 9’ 9z (63)

(E(t)) = 0.

for some Lagrange multipliers );(¢") and where ®* = ®¢dq'.
From now on, Egs. will be called constraint Herglotz equations.

We will now present a geometric charaterization of the Herglotz equations
similar to Theorem [7] In order to do this, we will consider a distribution A’
on T'Q) x R induced by A such that its annihilator is given by

A = (rgo prTQxR)* A (64)

where 7 : T'Q) — @ is the canonical projection and pryg.p : TQ X R — T'Q
is the projection on the first component. In fact, we may prove that

Al = S* (T (A x R)°). (65)
Hence, A" is generated by the 1-forms on T'Q) x R given by
P = ddg’ (66)
Then, we have the following result.

Theorem 9. Assume that L is reqular. Let X be a vector field on T'Q) x R
satisfying the equation

{bL (X) = dEL + (Bp + Ry (Br))ne € A (67)

X|A><RE%(AX]R). ’
Then,
(1) X is a SODE on TQ x R.

(2) The integral curves of X are solutions of the constraint Herglotz equations
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Proof. To prove this theorem we will take advantage of the calculations done
for the Herglotz equations . So, consider a vector field Y on T'Q) X R such
that

by (V) € AP, (68)

Then, there exist some (local) functions A, such that

b (V) = A\, ®dg’.

Observe that 7, = dz — 22dq" and, hence {D

oqg*
2L ] . 2 ] . 2L )
dn, = ———dq¢' A d ——dq" A dg —dq' Adz.
ML= prpgld N4+ Gaamdd MG+ ra-dg A dz
Thus,
0*L 0*L 0*L 0*’L
i T | dg" —_dgk —dz.
(i) La% nL {aqzaqk aqkaqz} +8q'18qk q +8q182 z
.o 62[/ k
(ii) La%dnL = _aq'iaqkdq )
e aQL k
(iii) L%dnL = _0cjk8qu .
Then,
0 0 0
0 = e} (55) = v () + 0 ()

9L
= La%.d% (Y) = WY (¢")

Therefore, due to the regularity of L we have that Y (qk) = 0 for all k.
Analogously, contracting by %, we obtain that Y (z) = 0. This proves that

Finally
. 0 9 9
wot = 00 () = o () Ve ()
PL .
- _8qiaqky (q )
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So,
0*L
04 0"
Next, consider a vector field X satisfying Eq. (67). Notice that by (X) —
dEL + (Ep + Ry (EL))ny € A if, and only if, by (T, — X) € A" where I';
is the solution of the Herglotz equations . Then, denoting ¥ =1 — X,
we have that

Y (§") = =P (69)

) . .0 0
X — .Z—. F ') — Y i — L— 70
qaqz+[L(q) (q)]aq-z+ Oz (70)
This proves that X is a SODE. So, by using Eq. (59) we have that

0L L 2L L 9L OLOL
e = s — Iyrn T o F A
oltolk 0qkog 020¢"  dq¢'  Oq¢ 0z

Then, using Eq. , we obtain

I'r (¢")

() PL L PL DL +8_L+8_L8_L_Y(.k) 8L
) 54roq T oga5 ~ “0z04 ' og | o¢ 0= ) 54ra4
L L 9°L 0L L L

T

Togoq ~ “oz04 "o g 02
Notice that any integral curve of X may be written (locally) as <§ ,f,Z)
with Z = L <§,é, Z) (see Eq. ) Then, we have that

4 PL o PL 0L 0L OLOL
Todkog ~ 1 ogtag 0204  og | of 02

Equivalently,

+ A0

doL 0L OLOL
dtogi  ogf Ot 0z
Let us now study the second equation in , that is, Xjaxr € X (A x R).
Let ({,é,Z) be an integral curve of X|axg. Then, by the condition of

= 2\, P.

tangency we deduce that (5,5) CA, ie.,

o0 (g (t) ,gf@)) ~ 0, Va.
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Therefore, Eq. provides the correct nonholonomic dynamics in the
context of contact geometry. In the case of existence and uniqueness, the
particular solution to Eq. will be denoted by I'r . We will now
investigate the existence and uniqueness of the solutions.

Remark 2 (The distribution AY). From the coordinate expression of the
constraints ®¢ defining A! (Eq. (66))), one can see that Rp(®*) = 0, hence
Al is vertical in the sense of Definition O

Remark 3. Notice that T (A x R) may be considered as a distribution of
TQ x R along the submanifold A x R. Then, it is easy to show that the
annihilator of the distribution 7' (A x R) is given by pri, g (TA)° where
Prase © A X R — A denotes the projection on the first component. In
fact, let (X, f) be a vector field on T'Q) x R, that is, for all (v,, 2) € T,Q xR

we have that
X (vg,2) €T, (TQ); [ (vg,2) € T.R=R.

Then, for each (v, 2) € A X R, (X, f) (vq, 2) is tangent to A x R at (vy, 2)
if, and only if,
d@p, (X (vg,2)) =0, Va. (71)

Denoting ®° = &% o pr,, g, we may express Eq. as follows
Z (") =0, Va (72)

where Z = (X, f). It is important to notice that, being A = (®%)7"(0), it
satisfies that
T(Umz) (A X R) = ker (qu ((I)a)) x R.

O
Let S be the distribution on T'Q) x R defined by f, (Alo) where fi;, = b, '.

In order to find a (local) basis of sections of S, we will consider the 1-forms
®* generating A'°. For each a, Z, will be the local vector field on TQ x R
satisfying
by (Z,) = & (73)
Then, S is obviously (locally) generated by the vector fields Z, and S C Al.
By using the proof of the theorem [9] we have that

0*L B ra
aq@qk Zq (q ) - _q)z (74)
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Then,

- 0
Zy=—-Wikpe _— 75
o . . 0L .
where (VVZ ) is the inverse of the Hessian matrix (Wy,) = 0i0ek ) Notice
q'0q

that, taking into account that A is generated by the 1-forms on TQ x R
given by ®* = ®¢dq’, it follows that

S CA! (76)
Remark 4 (The distribution S). Notice, that, since Al is vertical (Remark,

by LemmaS = L(Al) = (Al)l and S is horizontal. Hence n,(S) =0. ¢

Assume now that there exist two solutions X and Y of Eq. . Then,
by construction we have that X — Y is tangent T (A x R). On the other
hand,

b (X —=Y)=b, (X =Tp)+b, (I, —Y) € A,

Then, X — Y is also tangent to §. Thus, we may prove the folloeing result:

Proposition 10. The uniqueness of solutions of Fq. 1s equivalent to
SNT (A xR)={0}.

Proof. Let X be a solution of Eq. . Then, X 4+ I' is a new solution of
Eq. (67) for any ' € SNT (A x R). O

if the intersection S NT (A x R) were zero, we would be able to ensure
the uniqueness of solutions.
Let X = X°Z, be a vector field on A x R tangent to S. Hence, by Eq. ,
we have that

Xdd* (z,) = 0.

Equivalently, '
X'Wkebd¢ =0, Va.

Define the (local) matrix C with coeficient

Cop = —WHDL D = dd® (Z,) (77)

Then, it is easy to prove that (locally) the regularity of C is equivalent
SNT (A xR)={0}.
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One can easily verify that if the Hessian matrix (W;;) is positive or negative
definite this condition is satisfied.

From now on we will assume that the Hessian matrix (Wp;) is positive (or
negative) definite.

Remark 5. In general, we may only assume that the matrices C are regular.
However, for applications, in the relevant cases the Hessian matrix (W)
is positive definite. In particular, if the Lagrangian L is natural, that is,
L =T+ V(q,z), where T is the kinetic energy of a Riemannian metric g
on () and V is a potential energy, then the Lagrangian L will be positive
definitive.

Notice that, for each (v,, 2) € A x R we have that
o dim (S, ) =k
o dim (T(quz) (A x ]R)) =2n+1—-k

So, the condition of being positive (or negative) definite not only implies that
SNT (A xR)={0} but also we have

SHT(AXR)=Tax (TQ xR), (78)

where Taxr (TQ % R) consists of the tangent vectors of TQ) x R at points of

A x R.

Thus, the uniqueness condition will imply the existence of solutions of Eq. .
In fact, we will also be able to obtain the solutions of Eq. in a very simple

way. In fact, let us consider the two projectors

P Taxr (TQ X R) — T (A X R) , (79&)
Q: Tawe (TQ X R) — S. (79b)

Consider X =P (FL|AX1R). Then, by definition X € X (A x R). On the
other hand, at the points in A x R we have

br (X) —dEp + (B + Ry (EL)) n
=b, (T, — Q(T1)) —dEL + (EL + R (EL))m
= b (Q(I')) € A”
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Therefore, by uniqueness, X|axr = I'z A is a solution of Eq. .

Let us now compute an explicit expression of the solution I';, A. Let Y be a
vector field on T'Q) x R. Then, choosing a local basis {3;} of T (A x R) we
may write the restriction of Y to A x R as follows

Yiaxr = Y'Bi + A\ Z,.
Then, applying d®’ we have that
A3 (V) = A°Ch,
and we can compute the coefficients A* as follows
A = 3’ (V) (80)
Hence, for all vector field Y on T'Q) x R restricted to A x R
o Q(Yiaug) = C*d®" (V) Z,.
o P (Yiaxi) = Yiaxw — Cd®' (Y) Z,.
Therefore, we have obtained the explicit expression of the solution I'y, A,
o= (0 — Cd® (I1) Z, (81)

Remark 6. From the regularity of the matrices C' , we deduce that the
projections P and Q may be extended to open neighborhoods of A x R.
Consequently, P (I';,) may also be extended to an open neighborhood of
A x R. However, this extension will not be unique.

O

From the projectors P and Q defined in Eq. we may construct a
new pair of projectors P and Q acting on the covectors. These projectors
will transform Eq. into an exact equation (see theorem .

Notice that, as a consequence of the regularity we have that

Tie (TQ xR) =S @ A",

where S = by, (T (A x R)) and T%, (TQ x R) are the 1—forms on TQ x R
at points of A x R. Notice that, by construction, by (S) = A!°. Then, for
all ay,.) € T4 (TQ x R) with (v,, 2) € A x R, the associated projections

Q:Thp(TQ xR) = A" and P : T . (TQ x R) — S are given by
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o Q(aw,) =z (2 (te (ap,.0))))-
o P (aw,z) =br (P (tL (aq.0))))-

So, the constraint Herglotz equations may be rewritten as follows

Theorem 11. Assume that L is reqular. Let X be a vector field on T'(Q) x R
satisfying the equations

{bL (X)=P(EL + (EL + R (EL))nw) (82)

X|A><R € :{(A X R)

Then, the integral curves of X are solutions of the constraint Herglotz equations
@, that is, X =T A s the solution of Eq. @

Let us recall that the contact Hamiltonian vector fields model the dynamics
of dissipative systems and, contrary to the case of symplectic Hamiltonian
systems, the evolution does not preserve the energy, the contact form and
the volume (Proposition [f), i.e.,

Lr, B, =—-RL(EL)EL,
Lr,n, = —Re (EL)ne.

This result may be naturally generalized to the case of non-holonomic constraint
by using these projectors.

Proposition 12. Assume that L is reqular. The vector field 'y, o solving the
constraint Herglotz equations satisfies that

Lr,anr = —Re (Er)nr — Low,)e, (83a)
. L

£FL,A77L = —Q(%WL (83b)

EFL,AQL == —(TL + 1)RL(EL)QL — L A dT]L(n_l) A dACQ(FL)nL (83C)

Lr, Q=7 Adi, "D AdLogr, )i (83d)

where i, = 0y /H, assuming that H does not vanish, Qp, = np A (dng)" is
the contact volume element and Qp, = ng, A (dng)".
Furthermore, we have that Lor,y,, € AL.
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Proof. The first fact follows from Lr,ny, = =Ry (EL) nr.
The second claim follows from the product rule.
For the third claim, we perform the following computation.

Lr, (o A (dne)™) = =R(EL)np A (dng)"™ + nnp A (dng)™ " AdLr, 4 (L)
= —(n+ DHR(EL)ne A (dng)" —no Adn, "D AdLor, L,

A similar computation proves the forth claim.
The last assertion is proved by writing Q (I',) in coordinates depending
on the vector fields Z,. O

6 Non-holonomic bracket

Consider a regular contact Lagrangian system with Lagrangian L : TQ xR —
R and constraints A satisfying the conditions in Section [5] A bracket can be
constructed by means of the decomposition Eq. .

Let us first consider the adjoint operators P* and Q* of the projections P
and Q, respectively. Obviously, the maps P* : TX g (7TQ x R) — §° and Q* :
TXr (TQ xR) — T° (A x R) produce a decomposition of TX p (T'Q x R)

Th .2 (TQ x R) = 8° & T° (A x R) (84)

Notice that, using the proof of Theorem |§|, we know that a solution I'; A
of the Eq. may be written (locally) as follows

-0 e 0
Fpa=¢—+T ") — + L—
where T' A (¢%) satisfies that
0L L L 0L 9L OLIL

NN + AP}

oiog L agoq  “o:0¢ T og ' o¢ 02
On the other hand, recall that the codistribution A" is generated by the
1-forms on 7TQ) x R given by ®* = ®?dq’. Thus, for cach (v,,2) € T,Q x R
we have that
(" ()] (0 2) = [3°¢] (v, 2)
= v, %7 (q)
D% (vg)
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with U; = ¢’ (vg) for all i. Hence, by construction (see Eq. (60])), we have
that for each (v,,2) € Ay x R

{o° (FL,A)} (vg, 2) = @ (vg) =0,

ie.,

Iza € Al (85)

Then, we have proved that any solution I'; o to Eq. is tangent to the
intersection of T'(A x R) with AL,

Theorem 13. A vector field X on T'Q) x R satisfies
bL (X) —dEr + (EL + R (EL)) nL € Alo

iof, and only if,

Lxnp + Ry (Ep)np € AP
nL (X) = —EL.

Proof. Assume that X fulfills
b (X)—dEL 4+ (B +Ryp (EL))n, € AP,
Then, applying f; on both sides, we have that
X -4, (dEL) + (EL+ R (EL)RL € S. (87)

Now, let us apply 7, to Eq. and, using that 7.,(S) = 0 (Remark [4), then
we conclude that

np (X) —ne (82 (dEL)) + (Ep + R (EL)) =0 (88)
Observe that, by definition
tep @) dne + e (82 (dEL)) np = dEL.

So,
dEL (Rr) =R (EL) =nr (82 (AEL)) - (89)

Therefore, Eq. turns into the following equation



On the other hand,

Lxn, = uxdny +d(n (X))
b (X) —nr (X)) —dEL
b (X) + Epnr, — dEL

Then,

Lxnr+Re(E)ne = bp (X)+ Epnr —dEL + R (Er) nr
= bL (X) —dE; + (EL +RrL (EL)) nL € Alo

The other implication is proved by using this equation next to Eq. . O

Then, as a corollary, we have another geometric equation equivalent to
Eq. .
Corollary 14. A wvector field X on T(Q x R satisfies Fq. (@) if, and only

if,
Lxn, + fnr € A

n (X) =-Ey : (91)
X|A><]R € %(A X R) .

for some function f.

Proof. Notice that Ry € Al. Then,
0= (Lxnr+ fnr) (Re) = Lxn (Re) + f.

Therefore,

f = —Lxn(Ryr)

—(d(np (X))) (Rr) — (exdnr) (Re)
(dEL) (Rr)

= R.(EL)

[]

Compare this to Eq. (32bf), for the case without constraints. Notice the
similarity with proposition

Let us now prove a technical but necessary lemma.
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Lemma 15. The following identity holds
Q" (dEL) =0,
i.e., dEL € S°.
Proof. Taking into account S C Al ([76)), we have that
A" C S8 (92)
Let I'; A be a solution of Eq. . Then, using corollary , we get
Lr, xshe +Re (Ep)np € 8°
Hence, projecting by Q*,
Q* (Lr, 4snr) =0,

ie.,

Q" (ir,2dme) = —Q" (d(nr (Ta))) = Q" (dEL) (93)
However, for any other vector field Y on T'QQ x R restricted to A x R,
[Q" (tryadnr)] (V) = dng (Tra, Q(Y) = [dnr + 12 @ 1z] (Tr,a, Q(Y)) = 0.

The second and third equalities are consequence of Remark |4 and Eq. .
Then

Q" (dEL) = 0.
]
Notice that, as a immediate consequence, we have that
dEp =P (dEL) (94)

We may now define, along A x R, the following vector and bivector fields:

Ria =P (Rraxr) (95)
Apa = Pilrjaxe, (96)

where Ay is the Jacobi structure associated to the contact form 7, (see
Eq. ) That is, for (vy,2) € AXRCTQxRanda, 5 € T  (TQ x R),

(vg,2)
Apa(a,B) = AL (P (a), P"(B)).
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This structure provides the following morphism of vector bundles

facs i Taxe (TQ X R) = Taxe (TQ x R),

97
o — AL’A(Oz, ) ( )
Hence, we may prove the following result:
Lemma 16.
P(ta,(dEL)) = #a, 5 (dEL). (98)

Proof. Let us consider an arbitrary o € 17, (T'Q x R) with (v, 2) € AxR,

a (P (ta, (ABrjw,))) = [P a] (fa, (dBLiw,2))
- AL(dEL|(Uq,z)7 P*(Oé»,

Then, using Eq. , we get

« (73 (ﬁAL (dEL|(vq,z)))) == AL<P*(dEL>,7D*(Oz))
= ﬁAL,A (dEL)(a)a

and the result follows. O
Theorem 17. We have

Lpa=Ha,2(dEL) — ELRLA (99)
Proof. Along A x R, we have

Larn=PTL)
= P(ta,(dEL) — ELRL)
=ta,a(dEL) — ELRL A,

where we have used Lemma [16] OJ

Furthermore, we can define the following bracket from functions on 7'¢Q) x
R to functions on A x R, which will be called the nonholonomic bracket:

{f, 9 e.a = Apa(df,dg) — fRLA(9) + gRra(f). (100)

Theorem 18. The nonholonomic bracket has the following properties:
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1. Any function g on TQ) X R that vanishes on A x R is a Casimir, i.e.,
{g7f}L,A = 07 vf €C™ (TQ X R)
2. The bracket provides the evolution of the observables, that is,

Lralg) ={EL,9}r.a — 9RLA(EL). (101)

Proof. For the first assertion, let g a function which vanish on A xR and let f
be any function on TQ x R. Notice that this implies that dg € (T'(A x R))®,
hence P*(dg) = 0. Then, along A x R, we have that

19, ftea =Apa(dg,df) — gRra(f) + fRLa(g)
= AL(P*(dg),P*(df)) — gRra(f) + fRra(g) = 0.

For the second part, notice that

{EL,9}a —9gRLA(EL) = Apa(dEL,dg) — ELRLa(9) =Tra(9),

where we have used Theorem [17] ]

Notice that, in particular, all the constraint functions ®* are Casimir.
It is also remarkable that, using the statement I. in Theorem [I§] the
nonholonomic bracket may be restricted to functions on A x R. Thus, from
now on, we will refer to the nonholonomic bracket as the restriction of {-, -} A
to functions on A x R.

7 Hamiltonian vector fields and integrability
conditions

Until now, we have defined a structure given by a vector field R, A and a
bivector field Ay o (see Eq. (95))) which induce the nonholonomic bracket
(104))

{f.9}r.a =ALa(df,dg) — fRLA(9) + gRLA(S)- (102)

This structure is quite similar to a Jacobi structure (see Section . In fact,
we may prove the following result.
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Proposition 19. The nonholonomic bracket endows the space of differentiable
functions on A x R with an almost Lie algebra structure [29] which satisfies
the generalized Leibniz rule

{fightra =g{f h}ra+h{f g}ta —ghRra(h), (103)

Proof. The nonholonomic bracket obviously satisfies that it is R—linear and

skew-symmetric. The Leibniz rule follows from a straightforward computation.
O

So, as an obvious corollary we have that

Corollary 20. The vector field Ry and the bivector field Ap a induce a
Jacobi stucture on A X R if, and only if, the nonholonomic bracket satisfies
the Jacobi identity.

This result motivates the following definition.

Definition 7. Let M be a manifold with a vector field £ and a bivector field
A. The triple (M, A, E) is said to be an almost Jacobi structure if the pair
(C>*(M),{-,-}) is an almost Lie algebra satisfying the generalized Leibniz
rule (103)) where the bracket is given by

{f,9} = Mdf,dg) + fE(g) — gE(f) (104)

With this, the triple (A x R, AL A, =R a) is an almost Jacobi structure.
Of course, the study of the intrisic properties of almost Jacobi structures on
general manifolds has a great interest from the mathematical point of view.
However, this could distract the reader from the main goal of this paper. So,
here we will only focus on the necessary properties for our develoment.

Let H be a Hamiltonian function on the contact manifold (7'Q) x R, nz).
Then, we define the Constrained Hamiltonian vector field X5 by the equation

Xj =t (dH) — HRp a. (105)
Then, by using Theorem (17| we have that the solution I'; o of Eq. is a

particular case of constrained Hamiltonian vector field. In fact,
Ipa=Xg.

As in the case without constraints, we have many equivalent ways of
defining these vector fields.
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Proposition 21. Let H be a Hamiltonian function on T'Q)xR. The following
statements are equivalent:

(i) X% is the Constraind Hamiltonian vector field of H.
(i1) It satisfies the following equation,
Xi =P (t (P*dH)) = (Rpa (H) + H)Rpa. (106)
(11i) The following equation holds,
Xig =P (Xn) = P (4a, (Q'dH)). (107)
Proof. Let g a smooth function of T'() x R. Then,

Xii(9) = {faa (dH)}(9) — HRra (9)
= {P (., (PPdH))} (9) — HR LA (9)
= {P (L (P*dH) = P*dH (RL)Re)} (9) = HRra (9)
= {P{#c(PdH) = Rea(H)Rra)} (9) — HRLA(9)
= Pt (dH))(9) = (Rea (H) + H)Rea(9)
This proves that (i) is equivalent to (i7). The equivalence between (i) and

(73) follows using the natural decomposition of f,, (dH) into #5, (P*dH)
and fz, (Q*dH). O

Notice that the constrained Hamiltonian vector field X% is just a vector
field along the submanifold A x R.

Corollary 22. Let H be a Hamolitonian function on T(Q) x R. Then, it
satisfies that
ne(Xf) = —H. (108)

Proof. By using Proposition 4] Remark [4] and Proposition [21], we have that
e (Xg) = 1o (P (Xk) =P (H, (QdH)))

ne (Xg — i, (QdH))

= —H —np(f, (QdH))

On the other hand,

e (fa, (Q°dH)) = np (82 (Q'dH) — {Q(Ry)} (H) R.)
= o (8 (Q'dH)) —{Q(R.)} (H) = 0.
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As a consequence of this corollary we have that the correspondence H +—»
X4 is, in fact, an isomorphism of vector spaces. By means of this isomoprhism,
we may prove the following result.

Proposition 23. The nonholonomic bracket {-,-}p A satisfies the Jacobi
wdentity if, and only if,

A yA A
[XF ’ XG] = X{F,G}L,A’
i.e., the correspondence H — X% is an isomorphism of Lie algebras.

Proof. Let us consider four arbitrary functions F, G, H, f € C>°(M). Then,

{fFAG HYpaY.a = MFAG HYpatoa+F{f{G H}p A r,a+ fFRL A ({G,H}L . A)

{H{fF, G} aYra = {H f{F,G}ratra+{H F{f,G}rato,a +{H fFRL A (G)}L A
= MHHAAFGlratr,a +{F. G a{H, fio,a — H{F,Grr,aRe,a (H)
+I{H,{f,G}r,atr,a +{f,G}o,a{H, Frr.a — F{f,G}r,aRL,A (H)
+fF{H, Ry A (@}r,a +Ria(G) [f{H,Ftra+ F{H, f}ra — fFRL,A (H)]

{GAH, fF}paten = —AGHF Hipato,a —{G, F{f,H}r atr,a —{G, fFRL A (H)}pL A
= —fGAF Hpa o a —{F H}L A{G, f}.a+ f[{F,H},ARL A (G)
—F{G{f,H}p a}r,a —{fi H}Yp A{G, F}p A+ F{f,H}p ARL A (G)

—fF{G,Rp,a (H)}r,A —Rp.a (H) [f{G, F}ran — F{G, f}r.a + fFRL A (G)]

So, adding these equalities we have that,

{fFAG H}p,ato,a + {HASF, G ato,a +{G{H, fF}r,a}r,a =
—fFRpA ({G HYpA) — FF[{H,Rpa (G)}r,a —{G Rr,a (H)}r,A]
+ fH{FAG HYp aY,a +{HAF,G}p,a}r,a +{G.{H,F}r,a}1,A]

+ F[{f G, HYp A oo + {HASf, G} atr,a +{G{H, f}r,a}r,A]

On the other hand,

(109)

Xp (Xé (H)) = {FA{G H}pa}ra—H{F,Rpa(G)}r.an —Rra(G){F,H}L A
+HRp A (G)Rra(F)— [{G,H}p,a — HRL A (G)] R,a (F)

Hence,

Xg (Xé (H)) - X8 (Xﬁ (H)> = {F{G H}pa}ra+{G {H F}ra}tra
—H[{F,Re,a(@}r,a—{GRra (F)}r,al
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Thus, we have that

Xp (X8 () = X& (X () = Xfiogy, o (H) =

{FAG H}p aYr,A +{G {H,F}ratr.a +{H{F,G}rA}L.A (110)
+HRp A ({F,GYpan) —H{F,Rea(@}pa —{G Rra(F)}r,al
The result now follows directly from Eq. (109) and Eq. (110)). H

We will now use this result to characterize an integrability condition on
the constraint manifold. Assume that A is an integrable distribution on @,
i.e., the constraint Lagrangian system is semiholonomic. Let (¢*) be a foliated
system of coordinates on () associated to A. Then

0
oq

cA, i<k

So, we may assume that the constraint functions are ®* = d¢* for a > k.
Then,

ia a
Za - —W a—qz
Hence
WeiZ; = —i. €S, a>k.
0g°
On the other hand, it is obvious that
20 9 s,

for any 5 and ¢« < k. Then,

0 0 0 0 0 0 0
P (&f) o (%) A ($> =0 (64@) =0

for all j, « < k and a > k. We only have to use these equatlities to check
that the Jacobi is satisfied in these coordinates, i.e., the integrability of the
constraint manifold implies that the nonholonomic bracket induces a Jacobi
structure on A x R. We may in fact prove that these two statements are
equivalent.

Theorem 24. The constraint Lagrangian system (L,A) is semiholonomic
if, and only if, the nonholonomic bracket satisfies the Jacobi identity.
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Proof. Let ®* be the constraint functions. Consider ¢ = ®¢dq’ the associated
1—forms generating A’°. Then,

PP = d°, Va.

This is a direct consequence of that P*d¢® = dq’ for all i. Let us fix H €
C>®(TQ x R). Taking into account that P*dH € §°, we have that

0 = P'dH (Z,)
= Prdd (1, (cp))

- ran ()
Thus, by using Eq. (106) and Ry A € Al, we have that
" (X7) =0,

ie., X5 € Alforall H € C®°(TQxR). Let be a (local) basis { X}, = Xg%} of
A. Then, consider A, the local functions on T'Q) X R induced by the 1—?0rms
Xidq'. Hence, by taking into account that the correspondence H +— X% is
an isomorphism of vector spaces, we have that the family {X fb , X2} is a
(local) basis of A! where z is the natural projection of 7'Q) x R onto R.

So, taking into account Proposition we have that the distribution Al is
involutive.

Consider now an arbitrary vector field X on @. Then, there exists a (local)
vector field X! on TQ x R which is (7 o prroxr) —related with X i.e., the
diagram

TQ xR —X 5 T(TQ x R)

TQOPTTQxR T(TQOpT’TQ XR)

Q ut > TQ

is commutative. In fact, let us consider a (local) basis {o'} of section of
70 © prroxr. Then, we may construct X' as follows

X' (Nio' (q)) = NiTyo: (X (q))
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for all ¢ in the domain of the basis. It is finally trivial to check that X € A
if, and only if, any (7 o prrgxr) —related vector field on X' on TQ x R X!
with X is in A’. Thus, A is also involutive and, therefore, integrable.

O

Therefore, we have proved that the nonholonomic condition of the constraint
Lagrangian system (L,A) may be checked by the Jacobi identity of the
nonholonomic brackets.

8 Example: Chaplygin’s sledge

We will present here a model for a sledge with homogeneous and isotropic
Rayleigh dissipation.

A detailed study of the Chaplygin’s sledge may be found in |6} 27]. The
nonholonomic character of this example has been investigated in [10]|. The
system, which is described in [27], has a configuration space @Q = R? x S,
which coordinates (x,y), describing the position of a blade and and angle 0,
which describes its rotation. We addeed an extra term 7z, which accounts for
friction with the the medium following the model of Rayleigh dissipation [4,
5, 20]. So, the resulting Lagrangian is given by

I :% ((a cos (¢) — fsin (¢))¢ + y)2+
1

5 ((Beos(9) +asin(@)d— )+ 412

(111)

where 7 is the friction coefficient of the carriage with the medium, and («, )
is the position of the sledge center of gravity C' in the reference frame formed
by the axes A and B (see Fig. . The units are normalized so that the mass
and the radius of inertia of the sledge is 1.

Thus, the contact form 7y, is written as follows

m = ((Beos (6) + asin(6))d — &) du+ (—(acos (9) — Bsin (6))d — §) dy+

(—(a2 + 8%+ 2)¢ + (B cos (¢) + asin (¢)) — (acos (¢p) — Bsin (gb))y) d¢
+dz
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Figure 1
. 0
Furthermore, it is easy to check that Ry = 5
Observe that the Hessian matrix (W;;) = (%) is just
1 0 —pcos(¢) — asin(9)
0 1 «acos(¢p)—Bsin(p) |,
—fBcos (¢) — asin(¢) acos(p) — Bsin () o+ 3% +2

which has determinant 2, hence the system is regular.
Next, we will calculate the distribution &, which, in this case, has rank 1.
We find the generating vector field Z; (see Eq. ) by using formula :

Zy = (—%aﬁcos (¢) — % (a®+2) sin(¢)) %
+ (—% afsin (¢) + % (a? 4+ 2) cos (gb)) % — %oz(%)

Thus, § = (Z;). We will now prove the existence and uniqueness of the
solutions of the problem by using Eq. . Thus, we should study if the
matrix (Cpp) = (—W’k@/z,l;@/zf) is regular. A calculation shows that the matrix
(Cap), which in this case is a real number:

Cup=—1/2a* 1
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Therefore, we may conclude that our system has the property of uniqueness
and existence of solutions.
The projector P (Eq. (79)) has the following nonzero components

Pr =1

Py, = 1

Pl =1

Pey, = —i(0P+20)Bi—1(at+4a? +4)j

Pt = —j(a’+2a)Bcos(¢)sin(¢) — 4(a +4a%+4)sin(¢)° +1
Piy = 1(0°+20)5c0s(9) + (o + 40> +4) cos (9)sin (9)

Pl = —

Py¢ = —

+}1(a + 4 a2 +4)COS(¢)Sin(¢)
n(¢) —

Tt +40 +4)cos (¢)* + 1

(a* +4a2+4)i
. a —|—20z)5sin(gb)2
Py, = i(a + 2a)Bcos (¢) si

)_

1
1
1
1
i(a +20)By +
G
4
1
1
1
1

P%qﬁ = —1(a*+2a)icos(¢) — 1 (o +20z)ysm(¢)
Pd’i = —i(a®+2a)sin(9)

Pd’y = 1(a®+2a)cos(¢)

PQ =1

P 1

The dynamics of the unconstrained system is then given by

0 0 . 0
I'y = 358— —I—y +¢8¢ + ((acos(qb) — Bsin (¢))¢? +79‘:> %
0 0
+ ((Beos (0) +asin ()3 +79) -+
< COS  S1n ’yy) ay Y ¢ (112>
+(5 (0 + 8 +2)d2 — (Feos (6) + asin (6))di
; 0
+(cos (6) = Bsin (6))0) + 3 + 5 9 +72) -
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The constrained dynamics I'z A is given by projecting &;.:

.0 .0 .0
FL,A —x%+ya—y+¢a—¢

+ (1 ((a4 —|—4a2)ﬂsin(gb) + ((a3 + 204)52 —|—4a) cos (gb))gb2

4
— ;1 (a4 +4a? —I—4)¢53) — ;1 <(0z3 +2a)ﬁq§—47>:&)%
+ (—i ((a4 —1—4042)5(:08 (¢) — ((a3 +2a)ﬁ2 —|—4a) sin(¢))¢32
+i(a4+4a2+4)¢:ﬁ'—i((&3+2a)5¢—47)y)%
(03 4+ 2a)B¢% cos (¢) — (a® +2a)¢i + 4ydcos (¢) \ O
+ =
4 cos (¢) ol0)
+ (% (0?4 5%+ 2)452 — (B cos (@) + asin (¢)) ot
+(acos(gb)—Bsin(¢))$y+%$2+%y2+7z>%
(113)

The nonzero nonholonomic brackets are given between the coordinate
functions and the constant 1 (which are sufficient to characterise the almost-Jacobi
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algebra) are given by:

{1?Z}L,A = —1
{qllvz}L,A = qZ '
{¢" ztra = QQ'Z
{r,i}pa = sa°+2a"+1(a®+40*)Bcos()sin (o)
%(a +6a — (ot —1—2042—4)62+8a2+8)cos(¢)2+a2
{2.9}a = —1(a°+40a%)Bcos (9)’ + £ (a® +40°)8
—s (@5 +6a*—(a*+20a% — 1) + 8a” + 8) cos (¢) sin (¢)
{v,0}1a = %(a'+2a%—4)Bcos(¢)+ i (a®+4a?)sin ()
{y,itra = —1(®+40° )ﬁcos (0) + £ (a® +40%)8
—s (@5 +6a*— (a*+2a% — 1) + 8a” + 8) cos (¢) sin (¢)
{v,9}pa = 3a°+3a*—1(a®+403)Bcos(¢)sin(¢)
—%(a6+6a4—(a4+2a 4)3% + 8a? + 8) in(¢)2+a2
{y.0}ra = %(a'+2a%—4)8sin(¢) — & (a®+4a?)cos(¢)
{,itra = 5(a*+2a®>—4)Fcos(¢)+ 3 (a® +4a?)sin (@)
{6,9}pa = §(a*+2a” —4)Fsin(¢) — 5 (a® +40?) cos (9)
{p,0}pa = za*+310°—3
{ivihia = 2 (08 4 a4 (0t 4+ 402)80)
(b0} = —b((at +40%)3sin (6) — (0" +20° —4a) cos (6))d
. +z_l (a + Q)y ‘
{0, 0}pa = 3((@*+40?)Bcos(d)+ (a®+20a* —4a)sin(¢))¢
—1(@®+2)i
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